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1. Opera[ii cu numere reale. lnegalitili

I. Rezolva{i in mulfimea numerelor naturale ecua{ia: ry + 2(x - y): ZOO7.

Traian Tdmiian, O.M.L. 2008

2. Rezolvali in rnul{imea numerelor naturale nenule ecuatia:
x'+y'+xy(x+y+2)=g.

Traian Tdmiian

3. Rezolvali in rnullimea numerelor naturare ecua{ia: xy - zo}gx + 2009 y = 20092 .

Traian Tdmfian

4.. a) Demonstra(i ci exist[ x, !, Z e N- astfel inc6t x3 - y2 + z4 .

b)Fie n eN*,ndat. Demonstrafi cd existd"x,y,zeNastfelincat.r" =yn-t +2,,*t.

Traian Tdmiian, Concurs 2007

5.. a)Arita{iciexistd x,!,2,r eN-{0, l} astfel incdt x-y2 +23 +t5 =0.
b) Fie n e N, r ) 2, n dat.Ar[tafi ci existl x, !, z,re N- {0, l} astfel incdt:

*'-' - y' + z'*l +tn'*l =0.

Traian Tdmiian, R.M.f. l/2010

6-. Fie o, b, c e lR cu proprietatea cd a2c2 * ac * abc < O.Ardtati cd bz > 4ac.
Cabriel Popa, R.M.T. 3-4/2000

7.Fie a, be (0,0o)astfel incdt ab=1. Aritati "d " * 6' rr.' a+l b+l
Traian Tdmiian, C.M. 7-S-9/2010

8.. Fie n €N*, rdatqi a, be(0, *)astfel incdta .b=1. Demonstraticd:
an b'_>l-

b+1 a+l
Mircea Berca, C.M. t0l20t l

9. Fie a, be(0,0o)astfel incdt ab=l.Aratati 
"- 

a3 +b2 *ut *o' ar.' a+l b+l
Traian Tdmiian
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a, b e (0, o) astfel inc6t a'b = l. Demonstrafi cd:

P +arott 6201o *brn,, - ^
l+D l+a: Traian Tdmiian

O o, b e(0, oo)astfelinc6t a'b=1. Demonstra{i ca: a't'rt *62ott "i,'.:!'il,-r,.^lratan lamtnn

ltanonStrali c[ pentru orice a, & e ]R are loc inegalitatea:

dat2 +b2ot2 +2>azn" +bzott +a+b 
TraianTdmiian

Fie a, b, c e(0, o) astfel incdt abc=|. Demonstrali c6:

a'+a' b3 +b2 c'+c' - ^
bc +l ca +l ab +l

Traian Tdmiian

I I I -ab+bc+ca
Dacd a, b, c, d e(0, oo),ardta{i cd 

,o*4;+ @;E+GW< 4rbrd '

Traian Tdmiian

ld. Detenninali x,y, z

Traian Tdmiian, C.M. 7-8-912011

elR, gtiind.a *.*[r' +22 +y*I, y'+r'.r.1) =,-i'
Traian Tdmiian

l?"t. Aratali ci pentru orice .r, y, z e(O,a ) are loc inegalitatea:

x2+yz' y'+zc'zx+xy- z\*Y Yz ac

t t( t I I

-. 
-l -+-+-+ry 2\*y yz ac

!- * t * ' ). Preciza[i in ce condilii are loc egalitatea.
ry yz ac)

Traian Tdmiian, O.M-1. 2006

lg*. Arltati cd pentru orice numere reale strict pozitiv e a, b, c este adevlratl inegalitatea:

ab bc ca a3 +b'*c3 -,

-T----

a+b b+c c+a u 
,rrianTdmiian,c.M.3tlggl
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19". Fie a, b el},+co). Ardta{i c6:

r f; E a+b+c tluo*lr*rir- z =,2'
Cristian Crecu, C.M. I t /1996

20.a) Ardtali ci (x +a)(x+6)>(x +Jat1, pentru orice a, b, x e[0,*).
b) Demonstrafi ci pentru orice numere reale pozitive a, b, c are loc dubla inegalitate
(a + b)(b + c)(c + a) 2 (a * J U 

")(t 
+ Jrr)@ * J ot I > 8abc.

Traian Tdmiian

2l-. Dacd a > O, b) 0, c ) 0 demonstrali cI:
abcg_r_*...- )
b' ct ot ob+bc+ca

Traian Tdmiian

22*.. Demonstrafi ci, dac[ x;> 0, (V) i : fi , n .
(x, *xr+...+r,,).[- L

\ x, + lx, +...+ nxn

N,

+-

n > 2, atunci

2x, * 3x, +...+ nx,t_t + x,
+...+

,\+-r+-rd*t)\ )' ,+t'
Traian Tdmiian

23***.Dacd. at, a2, ..., an e (0, +oo; gi a1 + a2* ...* o,= l,demonstra{i ilegalitatea:
(at + a2 +,..+ q,-r)', (o, + o1 +...+ a)2 *...*(a, * a_r +...+ a,_r)2- ul1J. un6"l+a, ---l+ar r+a,_, n+l
reeN,n)3.

Traian Tdmiian, in atentia comisiei O.M.N. 2007

24*. Demon^strafi ci pentru orice numere reale x, y are loc inesalitatea:
((x -. I )' +.y')((* + t)z + y2)(x, * O - t1z11xz +' 6t+ r )1 _:if;, * fy:*t 1* .
Cdnd are loc egalitatea?

Traian Tdmiian

25... Dernonstrati cd pentru orice a, b, c 20 are loc inegalitatea:
Jh + 4b + 4c +,[4aib + k + JG; 4b +2; *(J; * J o * J4.

Traian Tdmiian, C.M. t 12005

26... ?:*rnrtrl! "dlentru 
orice nulrere reale q, b, c areloc inegalitatea:

'l 
3o' + 12b2 + 27 c2 + Jlt, + iir, . r', ; +,[k\ ra\ 27 6, > 6(a + b + c).

14
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. Dernonstrafi cd pentru orice numere reale pozitive a, b, c are loc inegalitatea:

@ + c\(zb + c\ + J tzt + olfu A *,{ tz" * t1p, *l > (J; + "li + ii )''
Traian Tdmiian

.Fie a, b, c, d numere reale nenule cu proprietat ea lad - hcl<t '

Aretati ca-L-++*@'',
Traian Tdmiian

.Fie x, !, z €lR. cuproprietatea x2 +y'+z'<9. Demonstra{iinegalitatea:

lll:*.:+#>1'
,lx'+yz+3 lyz +zx+3 1!22 +xY+3

Traian Tdmiian, C.M. 12/2012

f. Demonstrafi c[, dac[ s, at, o2, ..., Q, eR astfel inc1t al + a?, + "'+ ai = 's' atunci

,pA * r[r*7, * ... *,{ * 7, > Jii (o, + az + ... + o,), (Y) n e N, n 2 2'

Traian Tdmiian, C.M. 7-Bl200l

tl'.Fie a, b e(0, l).Demonstrafi echivalenla'. a2 +bz =to#7=1'

!0'- Ardtafi cd numdrul
(V) n e N'.

Romantra Ch,(5 S, loan ChiEd, C.M. 412001

E=x4n -*4n-t +xart -x'+ 1estestrictpozitiv,(V)x elR Ei

Dinicu Budescu, C.M. 211996

l0'. Fie x, !, z, t, u, v e R]. Demonstrali ci dacl existl a, b e Rl, astfel incat s[ fie

satisfrcute simultan condiliile: 3a-2b = f ,5o - 4b = f ,7o- 6b: *'?.b - 1: f-'satisfrcute simultan condllllle: Ja - lD = x , )a - 'to : ! t t u - r

;;-;;: rt, iO - Sa: ri gi x * y + z = t * tt + v, atunci *! + y' + { = /'+ un + tf ,

pentruoriceneN.

3{. DacI o, b, c e (0, oo) ardtali c[ are loc inegalitatea:

**(", T).**(r, T).,,-(,, t) =1b+c a+c a+b 2

Traian Tdmiian

Traian Tdmiian

x2 +yz+3
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Solulii



Clasa a lX-a

1. Operalii cu numere reale. lnegaliti[i

1. Ecua{ia se scrie echivalent ;r7 + 2x - 2y - 4 : 2003 c} x(y + 2) - 20 + 2) = 2gg3<+ (x - 2)(y + 11 =:2003. Cum 2003 este numdr prim, rezult6 cazurile:

.. [*-2=2003 [x=2005 lx-2=l [x=3l){ - <3{ - - sau2){'" - <=1"' ly+2=t Ly=-t eN --'-'-'Ly*2=2003 -- 
Iy=ZOO1'

Solu{ia ecualiei este deci S= {(3, 2001)}.
2. Ecualia se scrie astfel:

*' + y' + 2xy + xy(x + !) = 6 e (x + y)2 +xy(x + y)= 6 <) (x +y)(x + y + yy) = 6.

cazul lr{x+s'=2 lx+v=2
lx+y+xy=3 

o 
tr=, 

e;r:-Y-l'

Caart2) {::::: . o {'*' :l, rirr"rn carenuaresorulii in numere naturale.lx+y+xy=$ l*y=5
Deci, solulia ecualieieste,S: {(1, l)}.

3. Scdzdnd din fiecare membru 2008.2009, ecuafia se scrie succesiv:

xy - 2008x + 2009 y - 2008. 2009 = 2009, - 2008. 2O0g

x(y- 2008) + 2009(y -2008) = 2009(2009- 2008) <+ (x- 2008) (y +2009) = 2009.
Deoarece 2009 = 1 .2009 = 7 .287 = 4l . 49, se disting cazurile:

Cazul l){x+ 2009= 2009o 
{x=0. 

ly- 2008 = I ly =ZOOg

- I x+2009 =lCazul2)l . imoosibil.
ly-2008 =2009'

lx+2009=7Cazul3)i .imoosibil.
[y-2008 =287'

cazur 4) {x 
+ 2oo9 = 287 

. i*roribir^'ly-2008=7

cazuls)lx+ 
2oot9=41

' 
lY-2008 = o' ' 

imPotibil'

lx+2009=49
cazul 6){,-'oos 

- o'' irnPosibil'

RezultE c[ unica solu{ie a ecuafiei date este S: {(0, 2009)}.
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4. a)Dinegalitatea2e:2s+28rezulta(2')'=(24\2+(22)4 gipundnd x=2',y=20,2=22 rezultd

Ci xr = y, +ro.

b) Pentru orice reN' au toc egalitIlile ()n+r1n-r +(zn-t)n+t =)'2n1 -r =Zn"de unde (2')'=

=(2n+t1n-t *(2n-t1n+t (l), pentru oricen e N'.

Luandin(l) x=2o, y=2'*', z =2'-1, rezultd 16' = y"-t +zn't'

5. a)Lu6m r=3't, Y=3', z--3s,1=33.

b) Folosind descompunere a no -l = (n -l)(n +\)(r2 + l) avem:

(3(,,+lXr'+l))r-l +(3(rrr+lXa-t)r"+l +(3('-lXtr+l);r2+r - 3.31r-rXn+lXa:+l) = J, .3"-t = 3"0 = (3";", de Unde

(3(,'+lxr'+l))x-l (3rt ),, +(3tr'+l)ra-rlra+l +(3(tr-lX'+l))"tl = 0 (*).

Lu6ndx=3(,+1xtr2+t), !=3,'tz=3@2+txn-t), 1=3(r-lxz+t),dinrelalia(x)rezultdconcluzia.

L Daciac( 0 atunci avemb2>0> ac.Dacdac> 0 atunci dina28* qc* abc<0* ac(ac+ 1 +

+ b) < 0 + ac * I + b < 0 = 4ac< - 4(l + D) (l ). Dar - 4(l + b\ < b2 (2). Din (l ) li (2) > b2 > 4ac'

". Folosind ipoteza,inegalitatea cerut6 se scrie succesiv astfel:

or16+ly+br1a+l)>(a+l)(b+l)<, ab(a2 +b2)+a3 +b3 >-ab+et+b+lea2 +bz +o3 +b3 >

> a + b + 2 e (a2 + b2 - 2) + a1 + b3 - (a + b)> 0 <+ (a2 + b2 - 2) + (q + b)(a2 - ab + b2 - I ; > 0 e

e(a2 +b2 -2)+(a+b)(a2 +b2-2)>0 e(a2 +b2 -2)(l+a+b)>0Qa2 +bz -2>0ea2 +

+ b2 -Zab > 0 <+ (a-b)'> 0, inegalitate adevrrat6.

I Cum a. b = | inegalitatea de demonstrat se scrie echivalent:

I
l+la I ,l€a'"-'+l >lea2:n+t af ) a,,*t +e,, e a2r"l _an*, _o"

2n+l to +t

a +1 a" (a +l) a" (a +l)l+t a+l

-a, +l20ea,,t(an -l)-(cl, -l)>0 o(an -l)(a"*' -l)>0<+(a-l)'?(on't *on-2 +.'.+a+l)'

1a' + a"-t +...+ a + l) > 0, rela(ie adeviratI.

a3 a, e, bi b3 bz
cum ab= I'avem ,*r= ,-rb=T*b $t ;*l =-6*o6= l*o'
Cu acestea inegalitatea cerut6 se scrie:

,' * i' ')*(!-.L)=ro ,(L.!-l=ro L.L>l<>ar1l +,)+b2.
o+l- h+l)-[b.l- u+1)--- -(a*l a+l)-- b+l a+1

.l + 6) > (l + a)(l + b) e a3 + b' + a2 + b2 > ab + a + b + I e (a + b)(a1 + b2 - ab) + a' + b' >-

2a+b+2e (a+b)(a2 +b2 -11-1a+b\+a2 +bx -2>Oe(a+b)(a2 +b2 -2)+(q2 +b2 -21>

> 0 <> (a2 + b2 - Z)(a + b+ 1) > 0 e a2 + b2 - 2 >- O e at + b2 -Zab > 0 <+ (a - b)' >0, inegali-

me adev[ratd.
Folosind inegalitatea mediilor, avem:

=2.J@ =2.
a2oto(l+aS 6'0"'11+61

l+b l+a
.!.!,: +crorr 62ttto *62rttr Ux,u(l+A). b"'n(l +6) _"

l+D l+a l+D l+a
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I l. Cunr q. b = | inegalitatea de demonstrat se scrie echivalent:

o'"" +;fu>o'o'u +;fu *4#r# Q a*, +t> aaut +Q e aoo2, -aoo2t -a+t

eaon''1a*l)-(a-l)>0<+ (a-l)(aa,t2t -l)>0 e(a-l)2(a402{t +a,ot() +...+a+l))0,
adevdratS.

12. Inegalitatea se scrie succesiv a2ttt2 -e2ott +b2ot2 -b20tt -@+b)+2> O e arrrrt (q-ly+020rr16

-(a -1) - (b -t) > 0 o (a-1)(a20tt -t) +(b -t)(brn,, - l), 0 (l).

Dacd ct >l =ar"r ' > I gi deci (a-l)(a2"tt -l) > 0 (2).

Dacd, a<l=u?nt' <l gideci (a-l)(a2ut' -l)>0 (3).

Din (2) qi (3) rezultd cd (a - lXo'n" - l) > 0, (V)a e nR (4).

9i relafia analoaga (b -t)(b2"tt - l) > 0, (v)6 e IiR (5).

Adundnd relagiile ( ) qi (5) rezultf, c[ (l) are loc, c.c.r.d.

13.cum abc=t,avem,':*o=' = l'*( =?'\il'!={= !-=or qianaroagere
bc +l bc + abc bc(l+ a) bc abc

ct +"'
,*, = c'' . Cu acestea inegalitatea de demonstrat devine a3 + b3 + c3 > 3 (*).

Se cunoaqte cd, a3 + b3 + c' - 3obc = lg + b + c)[(a - b)' + (b - c)2+ (c - n)'? ] > 0,2'
zultd, cd, a3 + b3 + c' > 3abc Si cum abc = 1 obtinem inegalitatea (*).

14.Avem (o-d)'20e(a+d)2 > 4ad *G+g=fi olsianaloagere: ;g=fi tzl

$i --L ^ = =! trt.' (c+d)' 4cd '

Adundnd relafiile (l), (2) qi (3) rezultd

I I I t (1 1 l\ I I

(a+d)'? (b+cl)'1 (c+d)')- 4,1\a' b' c )- @+df ' (b+d\, '

ab+bc+ca
4abcd

t5. Din enunlrezultlca: x' +y+1 <0 $i y' *r*1.0.'44
Adundnd aceste relalii ob{inem

*' + y' *r*y*1 <0 c:-Zx2 +2y2 +2(x+y)+l S 0 e (x-y), + (x+y+l), < 0, de unde
2

x- y =0 qi x+y+l= 0. Rezult[ 
"d, 

*= y =-!.
2

16. Dinenunlrezulti cd x2 +22 *1,*I<r-! Si y2 +22 ***!=r-i.
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Adundnd aceste relalii oblinern x'+f +22'*,*r*l <2'-:ef +y'+x+y+221 -22+l<0e"2 2

e2(x2 +y')+2(x+y)+l+422 -42+l <0e (*-y)'+(x+y+l)2 +(22-l)'<0' de undc

x-y=0,x+y+ I :0 Ei 2- 1 :0.
ll

Rezultlcd x= y=_rSr z=r.

17.Din ry>,Fy, rczurrr 

=+=#*7+.*r# 
(r).

Scriind analoagele pentru ( l) qi sumdnd membru cu membru obfinem

-.-l-.;-* +- = =Lr,@ 
*,[y, * Jit tzt.

x'+yz Y-+zx z-+xY JxYz

Dar.,f, *'[i*Jur+. +
J-y*G+.[us*+Y+z(3).
Din (2) ei (3) rezultn -+.=+- .;-3 -J-1' * 1'

x=+yz y'+zx z'+xY 2ry'2'

z+x
+ 

-. 
de Unde rezLllta cA:

2

ll
a z)Q _;-T --;--a

x-+Yz )'-*zx

*-.L=!f I * I * ll,adicrinegalitateacerutr.

z'+xy 2\xY )'z zx)

Egalitatea are loc dac6 gi rrumai dac6 rela[iile (2) li (3) au loc cu egalitate, adic6 x2 = 12. f =

=7-,; = *i qi respectiv x = !: z. in concluzie, egalitatea arc loc dacd 9i numai dacl r : ! = z'

lE. Inegalitatea se scrie echivalent:

ctb bc ca - ut +b' +4 , b3 +ct +4-*ct +at +4 ,rr.,----
cr+b'b+c'"+o- 12 12 12

Vonr denronstra in prealab il 
"d *=*Y, 

(v) a, b e m'. (z)'

Avenr (2) e(q+ b)(a3+ b3+ 41> t1ab (3). Dar a+ b>2Jib giar+ b3 > 2,[7t', de unde

rezultd: (a + b) 1tf + b3 + 4) > ZJ,Oe'[r't + 4) (4). Rim6ne de <le.ronstrat cA 2Jab'

.( 2Jn ttt + 4) > t2ab(5). Not6nd rE = t, t ) 0, avem (5) e 2r(2f + 4) > l2f e I - 3t + 2 >

>0e(r-t)i(l+2)>0.relafieadevrratrpentruoricel>0.Din(4)qi(5)rez,ltdc6(3)are.locqi
deci are loc (2). ScrilrrJ pentn (2) analoagele 9i adundnd cele trei relalii, se obline inegalitatea

cerut6.

19. Nordrn J, =r, fi= r.E= r, x, !. Z> 0. Rezult[ o = r', b = 2f, c = 3] 9i inegalitatea

devine:

x+v*z- x2 +2v' +322 -11

212
+ rs(z' -i,.+) ) 0 <+ 6(x- rl'+ rz[r-])' * r( l)- r2[y' - y" 

4)

)0<+6(x2-2r+ l)+

s[,-l)'= o.
\ 3,/
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